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Abstrat
The gravitational instability of a fully ionized gas is analyzed within the framework of linear
irreversible thermodynamis. In partiular, the presene of a heat ux orresponding to generalized
thermodynami fores is shown to aet the properties of the dispersion relation governing the
stability of this kind of system in ertain problems of interest.
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I. INTRODUCTION
The study of transport proesses in plasmas leads diretly to a set of partial dierential
equations that desribes the evolution of the loal thermodynami variables relevant to
its physial desription. Linear irreversible thermodynamis predits the oupling of all
thermodynami uxes and fores involving all possible tensors of the same rank [1℄. In this
ontext, for multiomponent systems, the problem of gravitational instability in the presene
of a heat ux assoiated to a density gradient (Dufour eet) is ought to be examined in
order to address its impliations regarding the Jeans instability riterion. The reiproal
eet, a mass ux due to a temperature gradient (Soret eet), does not aet the ontinuity
equation for the total density of the system, and therefore does not alter the Jeans instability
riterion.
While lots of results regarding the eet of dissipation on the Jeans riterion have been
obtained in several works [2℄, to the authors' knowledge, this is the rst time in whih the
Dufour eet is taken into aount in alulations regarding gravitational stability. The
numerial values for the transport oeients used in this work have been reently obtained
by the authors based on the Chapman-Enskog expansion used in order to solve Boltzmann's
equation [3℄ [4℄. Similar results have been obtained in terms of several formalisms, from the
works done by Spitzer [5℄, Braginski [6℄, Marshall [7℄ and Balesu [8℄.
The struture of this work is as follows. In setion 2, the basi hydrodynami equations
are presented inluding the Dufour ux for a binary mixture of dilute gases. In setion 3 the
linearized system of equations for the utuations in the loal density δρ, the loal temper-
ature δT and the hydrodynami veloity δ~u are obtained together with the orresponding
dispersion relation assoiated to it. Setion 4 is devoted to the study of the expliit gravita-
tional stability riterion for the binary plasma. The last setion of this work is dediated to
a disussion of the results, addressing the onditions in whih the various thermodynami
fores turn out to be relevant in the study of gravitational stability.
II. BASIC EQUATIONS AND TRANSPORT COEFFICIENTS
Consider a fully ionized system formed by speies i = 1, 2, ρ1 standing for the eletron
mass density and ρ2, orresponding for the ion mass density. The task to aomplish is to
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determine the importane of the various dissipative eets on Jeans instability. Total mass
onservation reads:
∂ρ
∂t
+∇ · (ρ~u) = 0 (1)
In Eq. (1) ~u orresponds to the hydrodynami veloity of the mixture dened by the relation
(ρ1 + ρ2) ~u = ρ~u = ρ1~u1 + ρ2 ~u2. (2)
The total density of the mixture is given by ρ = ρ1 + ρ2. For a quasi-neutral plasma,
the number densities are n1 = n2 =
n
2
, where ρi = mini and n = n1 + n2, m1and m2
being the eletron and proton masses, respetively. Also, ~ui represents the average veloity
orresponding to speies i.
The balane equation for linear momentum reads [1℄:
∂ (ρ~u)
∂t
+∇p+∇ ·
(
ρ~u~u+ τkl
)
= −ρ∇ϕ (3)
In Eq. (3), p represents the loal pressure of the uid , τkl is the visous ontribution to the
stress tensor and ϕ is the gravitational potential whih, in Newtonian mehanis, satises
the Poisson equation
∇2ϕ = −4πGρ (4)
Total energy onservation leads to a well known expression for the evolution of the loal
temperature of the system T , namely [1℄,
ρcv
∂T
∂t
−
(
∂ε
∂ρ
)
T
ρ2∇ · ~u = −∇ ·
(
~J[Q]
)
− ρcv~u · ∇T − p∇ · ~u (5)
where ρε is the internal loal energy density. The heat ux vetor ~J[Q] in Eq. (5) ontains a
ontribution due to a temperature gradient (Fourier law) and a ontribution assoiated to
a density gradient (Dufour eet):
~J[Q] = −κ∇T − D
2T
∇T − D
2ρ
∇ρ (6)
where κ stands for the heat ondutivity and D is the Dufour oeient. Equations (1), (3)
and (5), together with their orresponding onstitutive equations relating thermodynami
uxes and fores, form a omplete set of non-linear partial dierential equations whih is in
general diult to work with. Nevertheless, stability analysis around onstant equilibrium
values may be readily performed by standard methods. This will be the subjet of the next
setion.
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III. LINEARIZED TRANSPORT EQUATIONS
A rst order perturbative stability analysis an be performed assuming that any loal
thermodynami variableX in this system has a onstant average value 〈X〉 and a utuation
around it δX , so that
X = 〈X〉+ δX (7)
We an now rewrite the system given by Eqs. (1), (3) and (5) in terms of the utuations.
For simpliity, 〈~u〉 = ~0 is assumed. The linearized ontinuity equation beomes:
∂ (δρ)
∂t
+ 〈ρ〉 δθ = 0 (8)
where δθ ≡ ∇ · δ~u. Following the usual approah, the stress tensor in Eq. (3) is oupled
linearly to the traeless symmetri part of the veloity gradient through shear visosity.
Thus, the linearized momentum balane equation beomes:
〈ρ〉 ∂ (δθ)
∂t
+
3
5
C2s∇2 (δρ) + 〈ρ〉
3C2s
5T
∇2 (δT )−Dv∇2 (δθ) = −4πG 〈ρ〉 δρ (9)
where Dv =
4
3
η, η standing for the shear visosity measured in international units (Pa−sec).
In our dilute (ideal) plasma, bulk visosity is negleted. We have also used the fat that, for
an ideal gas, ∇p = 1
γ
C2s∇ρ + C
2
s
γT
∇T where Cs is the adiabati speed of sound and γ is the
heat apaities ratio (γ = 5/3). Therefore, the linearized energy balane equation is written
as:
∂ (δT )
∂t
− 1〈ρ〉 cv
(
κ+
D
2 〈T 〉
)
∇2δT − 1〈ρ〉2 cv
D
2
∇2δρ+ 2 〈T 〉
3
δθ = 0 (10)
Notie that the Dufour oeient D vanishes for a simple uid [7, 8℄, but in priniple aets
the energy balane in the binary mixture. For our ideal gas, cv =
3k
2m2
is the heat apaity
measured in
J
KgK
, k = 1.38×10−23 J
K
. κ is measured in J
Kms
and D is given in J
ms
. The values
of these oeients for a dilute plasma have been obtained from plasma kineti theory [4, 8℄.
They an be written as:
κ =
5
4
〈n〉 k2 〈T 〉
m1
(2.01τ) (11)
D = 5
2
〈n〉 (k 〈T 〉)2
m1
(0.29τ) (12)
Here τ is a harateristi time given by
τ =
4 (2π)3/2
√
m1ǫ
2
0 (kT )
3/2
ne4ψ
4
where e is the eletron harge, ǫ0 is he dieletri onstant and ψ is the usual Coulomb log-
arithm [5℄. The shear visosity oeient η is estimated by using the Euken number for
an ideal gas, 5/2 = κ/ηcv. We are now in position to address the importane of dissipation,
inluding the Dufour eet, on the Jeans instability by means of the analysis of the orre-
sponding dispersion relation. In order to derive the desired stability riterion, we perform
a Laplae transform in time and a Fourier transform in spae to the system (8-10). The
orresponding equations beome
sδ˜ˆρ+ 〈ρ〉 δ˜ˆθ = δρˆ (~q, 0) (13)
(
4πG 〈ρ〉 − 3
5
C2s q
2
)
δ˜ˆρ+
(
Dvq
2 + 〈ρ〉 s
)
δ
˜ˆ
θ − 3 〈ρ〉C
2
s
5 〈T 〉 q
2δT = 〈ρ〉 δθˆ (~q, 0) (14)
D
2 〈ρ〉2 cv
q2˜ˆρ+
2 〈T 〉
3
δ
˜ˆ
θ +
[
s+
1
〈ρ〉 cv
(
κ+
D
2 〈T 〉
)
q2
]
δ
˜ˆ
T = δTˆ (~q, 0) (15)
Here, the symbol
˜ˆ
X =
˜ˆ
X (~q, s) stands for the suessive Laplae-Fourier transforms of the
thermodynami variable X . The wave vetor is denoted by ~q and the orresponding Laplae
frequeny is s.
It is interesting to notie that the rst term in Eq. (15) has never been taken into aount
in the study of the Jeans instability. The term vanishes in a single omponent system and
may beome signiant in the study of transport proesses in plasmas, where the dierene
of masses between protons and eletrons is deisive while onstruting the thermodynami
uxes and fores [3℄-[4℄.
The new dispersion relation reads:
f (s) = s3 + αs2 + βs+ γ = 0 (16)
where the oeients are:
α =
(
Dv +
κ
cv
+
D
2cv 〈T 〉
)
q2
〈ρ〉 (17)
β =
(
C2s q
2 +
DvD
2cv 〈T 〉 〈ρ〉2
q4 +
Dvκ
cv 〈ρ〉2
q4 − 4πG 〈ρ〉
)
(18)
γ = −4πG
cv
( D
2 〈T 〉 + κ
)
q2 +
3C2sκ
5cv 〈ρ〉q
4
(19)
The absene of dissipative eets in Eq. (16) leads diretly to the ordinary Jeans wave
number qJ =
√
4piG〈ρ〉
C2
s
.
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Figure 1: The funtion f(s) for values of q = qJ − δ for a number density n = 1021m−3 and
temperature T = 107K.
IV. STABILITY ANALYSIS
The behavior of the stability ondition assoiated with the polynomial in Eq. (16) de-
pends signiantly on its independent term whih in turn ontains dissipative eets. We
analyze two dierent ases to larify this point, seeking ritial solutions for wave numbers
lose to the ordinary Jeans wave number qJ .
First onsider a system with n = 1021m−3 and T = 107K. For these values of density
and temperature, the ubi funtion f (s) in Eq. (16), for a wavenumber q = qJ − δ (where
δ is suh that δ/qJ ≪ 1), has in general two ritial points and the independent term is not
negligible in the loal sale here onsidered. In this ase, the riterion for stability redues to
nding the threshold for whih the maximum in the negative part of the s axis beomes zero.
This an be seen from Fig. 1 whih shows in dotted lines a ase for whih there is only one
real root in the dispersion relation and one for whih three real roots exist. The threshold
that separates the ranges of q for whih one obtains either pure damped or exponentially
growing modes is around δ = 6.6× 10−8 whih is shown in the solid line.
Analytially, the maximum for s < 0 is given by
s− = −α
3
−
√
α2 − 3β
3
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Figure 2: The funtion f(s) for values of q = qJ − δ for a number density n = 1012m−3 and
temperature T = 104K.
and, sine by varying q the whole urve evolves with f(0) virtually unhanged, the stability
threshold is determined by f(s−) = 0.
The seond ase we shall examine orresponds to lower values of density and temperature,
i. e. n = 1012m−3 and T = 104K. The behavior in this ase is quite dierent, as shown in
Fig. 2. For these parameters, both α and the independent term are indeed negligible and
thus, the ritial value that gives the wave numbers is indiated by the disappearane of the
two maxima. That is, the riterion an be found by imposing that the derivative of f(s) has
no real roots at all, i. e.
β > 0
whih, as learly seen in Eq. (18) simply redues to the ordinary Jeans riterion in absene
of dissipation.
V. FINAL REMARKS
The problem of the gravitational instability inluding dissipative eets has been studied
within the framework of linear irreversible thermodynamis, inluding ross eets, for a
dilute binary plasma. The dissipative eets enter both the hydrodynami equations and
7
the dispersion relation for wave-like solutions of the linearized system.
The wave number for whih perturbations start growing exponentially in time does not
dier muh form the standard Jeans wave number and thus, the response of the system to
dierent utuations wavelengths is similar to the ase with no dissipative eets present.
However, the qualitative behavior of the dispersion relation in terms of q is more ompli-
ated and has to be explored with are for eah system. Cross eets are present in any
multiomponent mixture and are enhaned by magneti elds whih are observed in many
astrophysial systems [4, 7℄. These eets, whih are predited by irreversible thermody-
namis and kineti theory, are in general not taken into aount while studying gravitational
stability and further analysis of them should be performed in the future.
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